The finite element limit analysis method has the advantages of both numerical and traditional limit equilibrium techniques and it is particularly useful to geotechnical engineering. This method has been developed in China, following well-accepted international procedures, to enhance understanding of stability issues in a number of geotechnical settings. Great advancements have been made in basic theory, the improvement of computational precision, and the broadening of practical applications. This paper presents the results of research on (1) the efficient design of embedded anti-slide piles, (2) the stability analysis of reservoir slopes with strength reduction theory, and (3) the determination of the ultimate bearing capacity of foundations using step-loading FEM (overloading). These three applications are evidence of the design improvements and benefits made possible in geotechnical engineering by finite element modeling.
Introduction
In 1975, Zienkiewicz [1] proposed that the factor of safety and the limit load used in geotechnical engineering applications could be modeled by increasing the external load or reducing the strength through a finite element method (FEM). In the 1980s and 1990s, FEM was used to analyze the stability of slopes and foundations [2] . However, the lack of a reliable finite element program and an incomplete understanding of strength criteria and handling techniques resulted in inaccuracy in the finite element calculation. As a result, FEM was not widely accepted in geotechnical engineering field.
Several papers [3] [4] [5] [6] were published in the late 1990s about the calculated factor of safety for homogeneous soil slopes using a strength reduction FEM. As some of these published results were close to those obtained by traditional methods, the acceptance of the strength reduction FEM increased. The application of this technique ushered in a new era in slope stability analysis. The characterizations of sliding surfaces and calculation Supported by the National Natural Science Foundation of China (40318002) of slope factors of safety using strength reduction FEM, and the determination of the ultimate bearing capacity of foundations through step-loading FEM, have now become common practice. The strength reduction theory is now mature, but extensive research on the step-loading technique is still needed. In this paper, these two methods are both called finite element limit analysis methods, because they both adopt the limit analysis concept in their numerical procedures.
In China, Song [7] introduced the study of strength reduction FEM and its application to soil slope stability. Theoretical and applied researches [8] [9] [10] [11] [12] [13] [14] [15] have continued with improved accuracy. Some of our earlier works [8, [14] [15] [16] [17] [18] advanced the basic theory of strength reduction FEM and played a leading role in its application to the design of anti-slide piles. That earlier works also involved intensive study of the ultimate bearing capacity of foundations by step-loading FEM and its applications [19] [20] [21] . This paper summarizes some of our recent progress in these areas.
Theory of strength reduction FEM

Basic theory
At present, the limit state design method is widely used in geotechnical engineering. Two methods of limit state are commonly used for the analysis of foundation and slope. One is to increase the external load until a critical (limit) state of failure is reached, as in the determination of ultimate bearing capacities for foundations. The other is to reduce the strengths of rock and soil progressively until a critical failure limit state is reached, as in the calculation of the factor of safety for slopes. The specific equation for the factor of safety under limit states varies due to the differences in the adopted limit state methods. As far as the slope is concerned, it is suitable to determine the factor of safety by reducing strength until the failure limit state is reached. This is the factor of safety of the strength reserve that is widely used in slope stability analysis. The strength reduction method using FEM can be used to simulate the failure limit states of slopes and thus to determine their sliding surfaces and factors of safety. Strength reduction means reducing the parameters of shear strength (cohesion and internal friction angle) of soil (or rock) slopes in the finite element calculation, within a theoretical framework of perfect elastoplasticity, until the limit failure state is reached. Then, the sliding surface of the slope can be automatically obtained from the results of the elastoplastic FEM, and the factor of safety of strength reserve can be calculated.
The factor of safety of the strength reduction method can be expressed as follows: / ω τ τ′
where τ is the initial shear strength of geotechnical materials, and τ ′ is the shear strength under limit state after reduction. Different yield criteria can be adopted in strength reduction FEM. The expression of τ varies according to its yield criterion. Taking the Mohr-Coulomb yield criterion (shown in Fig.1 ) for instance, tan c τ σ ϕ = + , and its strength reduction process is described by tan tan tan c c c Therefore, the strength reduction is identical to the way of defining the factor of safety in traditional limit balance slice methods for slope stability analysis. In the traditional limit balance slice methods, a sliding surface is assumed first and then the factor of safety is calculated according to the equilibria of forces and/or moments. Then, the factor of safety ω is defined as the ratio of anti-slide forces (or moments) to sliding forces (or moments) along the sliding surfaces:
where L τ is the local shear strength at each point on the sliding surface, l is the length of the bottom edge of soil slice, and s τ is the actual local shear stress at each point on the sliding surface. Dividing the above equation
by ω on both sides, the following expression can be obtained:
Apparently, in traditional limit balance methods, the indexes of shear strength c and tanϕ′ are reduced to / c ω and (tan ) / ϕ ω under limit state (the factor of safety is 1), respectively. The parameter ω is now called the factor of safety, which is equivalent to the strength reduction factor.
Constitutive relations and yield criteria for the finite element limit analysis method
As the stability analysis is related to the analysis of force and strength instead of displacement, a perfect elastoplastic constitutive model is sufficient for accurate finite element calculations without the consideration of hardening and softening rocks or soils [8] . The yield criterion is very important in the finite element limit analysis method as it has great effects on the computational results. The Mohr-Coulomb yield criterion is often adopted in practical geotechnical engineering and its expression is 
where 1 I is the first invariant of the stress tensor. The Mohr-Coulomb yield surface on the π-plane is an irregular hexagon (shown in Fig.2 ) that introduces a numerical difficulty into the finite element calculations. Therefore, it is necessary to modify the Mohr-Coulomb yield surface approximately or to adopt the generalized Mises yield criterion that is related to the MohrCoulomb yield criterion.
The generalized Mises yield criterion, based on the Mises yield criterion, considers the average compressive stress, and it can be expressed as follows:
where 2 J is the second invariant of the deviator stress tensor, and the material constants α , k are related to the Coulomb's material constants ( c or ϕ )
in different ways, as described in Table 1 . (Fig.2) .
Equation (8) was established by Drucker and Prager in 1952. So, the generalized Mises yield criterion is also called the Drucker-Prager yield criterion. This criterion is visualized as a conical surface in principal stress space. The cross-sectional shape of this cone on the π-plane is a circle, which readily facilitates numerical computations. In the generalized Mises yield criterion, the yield criteria represented by circumscribed circles DP1, DP2 and DP4 are commonly used internationally. We propose new yield criteria DP3 and DP5. The DP3 criterion is suitable for 3D problems, and criterion DP5, like DP4, can be used for 2D plane strain problems.
Slope failure criteria in strength reduction FEM
When strength reduction based FEM is used to analyze slope stability, one typical problem is how to identify the limit failure state based on the results of finite element calculations. Some methods [9] [10] [11] [12] [13] [14] [15] are presented below.
(1) In finite element calculations, slope failure happens at the same time as the non-convergence of the finite element model solutions, that is, the nonconvergence of a finite element model solution can be considered to indicate slope failure.
(2) Generalized shear strain or generalized plastic strain from the bottom to the top of a slope can be used to indicate the sign of slope failure.
(3) The indication of slope failure should be the infinite movement of sliding soil. The strain and displacement on the sliding surface mutate and develop infinitely.
A plastic zone extending from the bottom to the top surface of a slope does not necessarily indicate slope failure. It is a necessary condition of slope failure but not a sufficient condition. The indication of slope failure is that the sliding mass moves infinitely and the strain or displacement mutates, with the simultaneous occurrence of non-convergence for the static finite element model solution.
3 Application of strength reduction FEM to practical engineering
Design of embedded anti-slide piles
At present, the imbalanced thrust force method (ITFM) is often adopted in the design of anti-slide piles. Geotechnical engineers have tried to improve traditional calculation methods, but there are still many remaining deficiencies. For the first time, we have utilized a strength reduction based FEM in the design of anti-slide piles and achieved some satisfying results in theory and practice.
The approach can take the pile-soil interaction into consideration, obtain reasonable resistance in front of the pile (by the distribution of thrust and resistance), determine an appropriate length for embedded anti-slide piles, calculate the thrust and resistance imposed on the embedded anti-slide piles, and optimize the composite forms of anti-slide piles such as anchorage piles and bracing piles. An example of strength reduction FEM applied to the design of embedded anti-slide piles is provided below.
Determination of a reasonable pile length
The parameters in Table 2 are adopted for the analysis of a typical section of a slope with a landslide body located within a colluvium deposit (shown in Fig.3) at Yuhuangge in the new Wushan County, located in the area of the Three Gorges reservoir. The landslide body, slip zone and an underlying stable rock stratum are represented by domain elements. The embedded anti-slide piles are represented by beam elements. The analysis was conducted to determine the relationships between the pile length, the factor of safety and the sliding surface. The length of the anchorage pile section beneath the slip zone is set to 3 m. Eight piles were designed to sink down into the hill below the road (shown in Fig.3) ; their lengths are 7, 9, 11, 13, 15, 17, 19 and 21.22 m. If the top of a pile extends to the ground surface, it is called a full-length pile. At first, according to the calculated results of strength reduction FEM, the factor of safety of the slope under gravity was determined as 1.02, whereas the factor of safety calculated by conventional limit equilibrium analysis was 1.04.
Several key issues were investigated. These issues with the obtained results and conclusion are discussed below.
(
1) The relation between the pile length and the location of sliding surface
Positioning the sliding surface is a very important aspect of slope stability studies. Variation in the location of the sliding surface with different pile lengths is shown in Fig.4 . When the embedded pile length was set to 7-11 m and the pile position was below the road, a landslide could take place with the sliding surface slipping over the top of the anti-slide piles (Fig.4) . When the pile length was set to 13 m, two sliding surfaces developed. The first one was close to the top of the pile with a new sliding surface outcropping on the downhill face of the road slope, and the other was a secondary sliding surface of a plastic zone exposed in the toe of the road slope. When the pile length was set to 15 m, with the top of the pile still under the ground surface, only the secondary sliding surface appeared at the same location when the pile length was 13 m. The position of the sliding surface remained the same until the full-length (21.22 m) pile was used and the top of the pile reached the slope surface.
2) The relationship between pile length and the factor of safety
The results from the strength reduction finite element model were used to calculate factors of safety with different pile lengths. The results are shown in Table 3 . Assuming that the embedded anti-slide piles would not fail under the loading of the slope, then the change of pile length should also change the factor of safety of the slope. The shorter the pile is, the lower the factor of safety is. When the pile is on the downhill side of the road (as shown in Table 3 ), with the pile length changing from 7 to 11 m in the finite element model, the factor of safety increases from 1.13 to 1.19. The factor of safety remains at 1.19 with the pile lengths of 11, 13, 15 and 21.22 m. It means that increasing the pile length does not enhance the safety of the slope beyond a 13 m length. In this case, however, because the required factor of safety is 1.15, the appropriate pile length should be 9 m, as shown in Table 3 .
The landslide thrust on the anti-slide section of piles
When calculating the internal forces inside the pile, the thrust behind the pile and the resistance in front of the pile should also be calculated. The thrust can be determined by traditional methods, and the resistance can be set to an assumed approximate value or zero. If beam elements are used to represent anti-slide piles in a finite element model, the strengths of geotechnical materials need to be reduced to their ultimate states so that the thrust and internal force can be obtained directly.
However, the net thrust is the difference between the thrust behind the pile and the resistance in front of the pile. If the resistance behind the pile is zero, the net thrust is equal to the thrust in front of the pile. As a result, the strength reduction FEM should be adopted to calculate the resistance behind the pile, and there should be no soil in front of the pile. The internal forces are usually expressed as moments and shear forces. The values of shear force can be calculated directly without using the thrust first. For the slope stability example presented above, the calculated thrust is shown in Table 4 . The landslide thrust on the anti-slide section of a 9 m embedded pile is 11 405 kN, which is 70.9% of the landslide thrust on a full-length pile; the landslide thrust on a 15 m pile is close to that of the full-length pile, and a pile with length of 19 m will have a thrust that almost equals that of the full-length pile. It is apparent that if the factor of safety remains the same (1.15 in this case), the shorter the pile is, the smaller the thrust is. Therefore, the sliding mass on the top of the pile can bear a part of the landslide thrust, which illustrates the advantage of the embedded anti-slide piles. The idea that embedded piles bear the complete landslide thrust is incorrect.
The internal forces of embedded anti-slide piles
When calculating the internal forces through the strength reduction FEM, the internal forces (including shear forces and moments) of embedded anti-slide piles can be also calculated. Table 5 shows the calculated internal forces for the example presented above and its ratio to the maximum values of internal forces for the full-length pile case. The calculated internal forces of embedded anti-slide piles are found to be more reasonable than those of full length piles; the passive shear on the anchoring section of the embedded anti-slide piles (S pi ) is lower than that on the full-length pile. The shear force on the anti-slide section (S oi ) is a little higher than that on the full-length pile, and the moment of the embedded anti-slide piles (M i ) is lower than that of the full-length pile. When the pile length is 9 m, the factor of safety reaches 1.15, which satisfies the stability requirement. At the same time, the maximum shear force at the anti-slide section is 92.7% of that of full length pile; the maximum shear force at the anchoring section and the maximum moment at the anti-slide section are 51.9% and 48.8% of those of the full-length pile, respectively. When the pile length is 11 m, the factor of safety is the same as that of the full-length pile. Then the maximum shear force at the anti-slide section is a little higher than that for the full-length pile; the maximum shear force at the anchoring section is 74.2% of that of the full-length pile and the moment is only 71.8%. So, the advantages of the embedded anti-slide piles are obvious: the internal forces of embedded anti-slide piles are preferred to those of the full-length piles while maintaining the same slope stability. In practical engineering, construction costs would be reduced dramatically by as much as 50% due to the application of shorter embedded piles (compared with full-length piles). The technical advantages and economic efficiency are complementary. Figure 5 shows the changing process of shear forces along the pile (from the calculation results of the strength reduction FEM). Similar examples include the landslide-controlled outlet of Fengjieliang tunnel on the highway between Fengjie and Yunyang, the landslide-controlled Wulong County, and the landslide-controlled B9 section of the highway between Fengjie and Yunyang in Waduan Village. 
Stability of reservoir banks
The problem of slope stability is less complicated when the effects of water are not considered. This assumption, however, cannot often be accepted, especially when considering reservoir banks. Bank stability can be influenced by changing rates of water levels, the permeability of geotechnical materials, and seepage of groundwater. In engineering practice, the locations of phreatic surfaces in reservoir banks are often roughly estimated through empirical generalizations, and the reliability of such estimations needs to be determined. An example is presented below that demonstrates the use of strength reduction finite element models in stability analysis and seepage calculations. This will highlight the sources of inaccuracies that occur when using empirical generalization approaches.
A homogeneous soil slope with a height of 15 m is studied. The unsaturated unit weight of the soil unsaturated (Fig.6 ) if using empirical generalization approaches. In the case, the numerical solution to the phreatic surface location is obtained through the transient fluid flow analysis of the PLAXFLOW seepage module. The slope stability analysis is conducted via the coupling of PLAXIS (for stress analysis) and PLAXFLOW (for seepage analysis) [16] [17] [18] . Table 6 . Figure 7 shows the sliding surfaces determined numerically through the phreatic surface when the water level is reduced to 23 m and the coefficients of permeability are 0.01 and 0.001 m/d. Figure 8 shows the sliding surface when the empirical generalization of the phreatic surface is used and the water level is reduced to 23 m. Figure 9 shows the relationship between the water level and the factor of safety according to Table 6 . As seen in Table 7 , when the water level reaches the same height, the difference with the results from the empirical generalization increases as the coefficient of permeability decreases. When the coefficient of permeability remains constant, the difference of factor of safety increases with the drawdown of the water level. From both the numerical solution and the empirical generalization (Fig.9) , it can be observed that the factor of safety reaches its minimum value when the water level is reduced to 23 m. This water level is the most unfavorable water level. So in practical engineering, project design should be based on the corresponding factor of safety of the most unfavorable water level.
In this example, the factor of safety determined by the numerical solution at the most unfavorable water level is 1.197, 0.169 3 lower than the empirically generalized factor of safety. When the coefficient of permeability are 0.01 and 0.001 m/d, the numerical solutions of factor of safety are 0.270 6 and 0.295 6 lower than the empirically determined factor of safety, respectively. Recalling the phreatic surfaces shown in Figs.7 and 8 , the main source of the differences in the stability analyses is the different locations of the phreatic surface. The empirically generalized phreatic surface does not take into account the hysteresis effect, so its phreatic surface is lower than those used in the numerical models. The difference increases with a decrease in soil permeability. Therefore, the difference of the calculated results for factor of safety increases as the permeability decreases. As a result, the factor of safety would be overestimated if the phreatic surface is generalized empirically. This would lead to potentially dangerous designs. 
A finite element limit analysis model can be used to analyze rigid and smooth strip foundations. The finite element model is shown in Fig.10 . The following material constants are used: cohesion c =10 kPa and internal friction angle ϕ = 0°-30°. The effect of the dead weight Factor of safety of material is neglected. The yield criterion DP4 is used and an associated flow rule is assumed. The calculated ultimate bearing capacity of the foundations with different internal friction angles is summarized in Table 8 . From Table 8 , it can be observed that the results of the finite element limit analysis method are very close to the closed-form solution. Almost the same results can be calculated when a non-associated flow rule is applied.
The velocity field under the limit load is shown in Fig.11 , and the failure surface at the limit load is shown in Fig.12 . The parameters of the failure mechanism obtained from the finite element limit analysis models are shown in Table 9 , which are close to the analytical failure mechanism shown in Fig.13 and Table 10 . Table 9 Some parameters of the analytical failure mechanism. Fig.13 Analytical failure mechanism.
Table 10
Finite element results for the parameters of the analytical failure mechanism. The load-displacement curve of the central point of the foundation obtained from the finite element limit analysis method is shown in Fig.14 . It can be interpreted that the displacement of the central point of the foundation increases as the load increases, and increases suddenly and sharply when the foundation fails. [23] . Table 11 shows the finite element results of N γ compared with empirical estimates. The values of N γ from the Vesic empirical formula are closest to the finite element values. Fig.15 ). It is assumed that the width of the rock foundation is B. The bearing capacity of the jointed rock foundation can be calculated using the finite element models. Fig.15 The locations of the assumed joints. Figure 16 displays the plastic zones near the rock foundation under the limit state when the inclination of the joint is 40°. Figure 17 shows the displacement vector distribution. The finite element calculation results for the ultimate bearing capacity of a jointed rock foundation with different joint inclinations are listed in Table 12 . For a homogeneous rock foundation, its bearing capacity is 77.75 MPa [21] . As shown in Table 12 , because the rock foundation has a joint, the ultimate bearing capacity is controlled by that joint. The change of ultimate bearing capacity of the jointed rock foundation is nonlinear with the joint inclination. As the joint inclination increases, the foundation's ultimate bearing capacity reduces to its minimum and then increases. Therefore, it can be deduced when the joint inclination is less or greater than a certain value, and the existence of the joint has no obvious effects on the ultimate bearing capacity of the rock foundation.
Numerical analysis of the plate loading test
The plate loading test is the most important method used to acquire the bearing capacity of foundations. It is widely used in confirming the results of foundation treatments. However, there are also shortcomings associated with this method. The shortcomings include size effect, and high economic costs, and consumption of time. We use the finite element limit analysis method by step loading to analyze the plate loading test process and to obtain the bearing capacity of the foundation.
The relevant shear strength parameters include the cohesion c and internal friction angleϕ , which can be obtained by in-situ shear tests, laboratory-based shear tests, or laboratory-based triaxial shear tests. A p-s (load-settlement) relationship of a foundation from the testing is shown in Fig.18 [24] . The p-s curve is close to a straight line at pressures below 380 kPa. When the pressure rises to 380 kPa, a turning point appears and the curve increases more rapidly with pressure. When the pressure reaches 1.06 MPa, the soil around the support plate heaves upward, indicating foundation failure. According to the building codes, the bearing capacity is set as 960 kPa. The mechanical parameters for the foundation are as follows: Fig.19 . The loading process of the plate loading test is shown in Table 13 . The foundation's bearing capacity is known as 1.14 MPa. The p-s curves obtained by the finite element calculation and the plate loading test (Fig.20) indicate good agreement between the FEM calculation results and the measured results. 
Conclusions
(1) The strength reduction FEM can take pile-soil interactions into consideration, so as to make the analysis technique more reasonable for practical applications. It can be used to determine reasonable pile lengths and make designs safe and economical.
(2) The factor of safety of reservoir banks obtained from the empirical generalization of the phreatic surface is greater than that determined numerically. To put this in context, if for example the slope stability in the Three Gorges reservoir area was analyzed through empirical generalization, the factor of safety would be exaggerated and engineering design could be unsafe.
(3) The step-loading FEM is a useful analysis tool for foundation engineering. Useful results, including the bearing capacity of foundations, load-settlement curves for foundations, and the foundation failure mechanisms, have been readily obtained.
